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Abstract 

We calculate the quark part of the kernel of the generalized non-forward BFKL 
equation at non-zero momentum transfer t in the next-to-leading logarithmic ap- 
proximation. Along with the quark contribution to the gluon Regge trajectory, 
this part includes pieces coming from the quark-antiquark production and from 
the quark contribution to the radiative corrections in one-gluon production in the 
Reggeon-Reggeon collisions. The results obtained can be used for an arbitrary rep- 
resentation of the colour group in the t— channel. Using the results for the adjoint 
representation, we demonstrate explicitly the fulfillment of the "bootstrap" condi- 
tion for the gluon Reggeization in the next-to-leading logarithmic approximation in 
the part concerning the quark contribution. 
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1 Introduction 



The BFKL equation jlj became very popular in the last years due to the experimental 
results on deep inelastic scattering obtained at HERA 0. These results show that the 
power of the growth of the cross section of the photon-proton interaction with the energy 
for a "hard" photon (the "hardness" is supplied either by the photon virtuality or by the 
masses of the quarks into which the photon is converted) is larger than the corresponding 
power for hadron processes. The idea arose that the rapid increase of the cross section of 
the "hard" photon interactions is the manifestation of the BFKL dynamics. 

The BFKL equation was derived in the leading logarithmic approximation (LLA) of 
the QCD perturbation theory, which means summation of all terms of the type [a s lns] n ; 
a s is the QCD coupling constant and s is the square of the c.m.s. energy. Unfortunately, 
in this approximation neither the scale of s nor the argument of the running coupling 
constant a s are fixed. So, in order to do accurate theoretical predictions, we have to 
know the radiative corrections to the LLA. The program of the calculation of the radiative 
corrections was formulated in Ref. and fulfilled in Refs. @]-[(|. Recently, the calculation 
of the radiative corrections to the kernel of the BFKL equation was completed and the 



equation in the next-to-leading logarithmic approximation (NLLA) was obtained |T(], |TT 



The corrections appear to be large and caused a series of papers |T2| devoted to the 
problem how to deal with them and what they mean. 

The BFKL equation is a particular case (for forward scattering, i.e. t = and vacuum 
quantum numbers in the t— channel) of the equation for the t— channel partial waves of 
the elastic amplitudes [l]. Independently from the value of t, we have in general a mixture 
of various irreducible representations 1Z of the colour group in the t— channel. The most 
interesting representations are the colour singlet (Pomeron channel) and the antisymmet- 
ric colour octet (gluon channel). For brevity, we use the term "BFKL equation" for the 
general case as well, adding the word "non-forward" when it is necessary to distinguish 
the general case from the particular "forward" case. 



It is very important to find the corrections to the kernel of the non-forward BFKL, 
for the gluon channel as well as for the Pomeron channel. In the case of the Pomeron 
channel the equation can be applied directly for the description of experimental data. 
The importance of the correction in the gluon channel is determined by a remarkable 
property of QCD, the gluon Reggeization. We remind that the derivation of the BFKL 
equation was based on this property. In fact, this equation is the equation for the 
Green function of two Reggeized gluons. In the colour singlet state these Reggeized 
gluons create the Pomeron. The self-consistency requires that in the colour octet case the 
two Reggeized gluons reproduce the Reggeized gluon itself ("bootstrap" condition). The 
above statements are valid in the NLLA as well as in LLA. The "bootstrap" equations 
in the NLLA were recently derived |TBfl . Since the BFKL equation is very important for 
the theory of Regge processes at high energy y/s in perturbative QCD, these equations 
must be checked. Along with the stringent test of the gluon Reggeization, this check has 
another important meaning. The calculations of the radiative corrections to the kernel are 
very complicated. Therefore, they should be carefully verified. Up to now, only a small 
part of the calculations was independently performed f| or checked |L4j]. The bootstrap 
equations contain all the values appearing in the calculations of the NLLA kernel, so that 
they provide a global test of the calculations. Beside this, the colour octet state of two 
Reggeized gluons is necessary for the description of colourless compound states of more 
than two gluons, in particular, for the Odderon. 

In this paper we consider the non-forward BFKL equation, calculate the quark con- 
tribution to the kernel of this equation and demonstrate explicitly the fulfillment of the 
"bootstrap" conditions in the NLLA in the part concerning the quark-antiquark contri- 
bution. 

In the next Section we present the general form of the quark contribution to the 
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kernel. In Section 3 we give the explicit form of the quark piece of the gluon trajectory 
and derive the quark part of the contribution to the kernel from the one-gluon production. 
In Section 4 we consider the quark- ant iquark production in collisions of two Reggeized 
gluons. In Section 5 we obtain the contribution of this process to the kernel. In Section 
6 we demonstrate the fulfillment of the "bootstrap" condition for the trajectory. The 
results obtained are discussed in Section 7. 

2 Definitions and basic equations 

As usual, in an analysis of processes at high energy particle collisions, we use the Sudakov 
decomposition for particle momenta. Admitting that the initial particles A and B have 
non-zero masses, we introduce the light-cone vectors p + and p- in terms of which the 
momenta of the initial particles are Pa = P+ + ( m \l ' s ) V- an d Pb = V- + ( m B/ s ) P+ 
respectively, with s = 2{p + pJ). In the NLLA, as well as in the LLA, the elastic scattering 
amplitudes with momentum transfer q ~ qj_ are expressed in terms of the impact factors 
$ of the scattering particles and of the Green function G for the scattering of Reggeized 
gluons |13| (see Fig. 1). The Mellin transform of the Green function for Reggeized gluons 
with initial momenta in the s— channel qi ~ (3p + + qu_ and — qi ~ ap^ — q2j_, momentum 
transfer q ~ q± and irreducible representation TZ of the colour group in the t— channel, 



obeys the equation 13 



J r z \r — a 



(qi, ft; o) 

d D - 2 r 
r 2 {f — q 

Here q\ and — g*2 are the transverse momenta of the colliding gluons in the s— channel, q 
is the momentum transfer and D = 4 + 2e is the space-time dimension, taken different 
from 4 to regularize the infrared divergences. Let us note that we use a normalization 
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Figure 1: Diagrammatic representation of the elastic scattering amplitude A + B 
A' + B'. 



which is different from the one used for the forward case [10]. The non-forward kernel, 
analogously to the forward one, is given as the sum of the "virtual" part, defined by the 
gluon trajectory j(t) = 1 + u(t), and the "real" part related to the real particle 

production in Reggeon-Reggeon collisions: 

\u> (-q?) + u> (- (gl - q ?)] ql (<fi - q f 5^ (£ - q 2 ) + JC^ (gi, £; q) . (2) 

The gluon trajectory is known || in the NLLA. The "real" part for the non-forward case 

is known in the LLA only M: 

r(K)B (ff ff.ff\- 9 2 c R ( q?{q 2 - qf + qj{qi - qf ff2 \ 

K r (2^ZT^ W^W q ) ' { ) 

where the superscript B means the LLA (Born) approximation and the coefficients cr for 
the singlet (R = 1) and octet (R = 8) cases are 

N 

C! = N, c s = — , (4) 



N being the number of colours (N = 3 in QCD). In Eq. (|]) and below g is the bare 



coupling constant, connected with the renormalized coupling in the MS scheme by the 
relation 

-•^Mt -&)!]■ (5) 

where 

2 9lNT(l-e) 
9 »= (4^ • (6) 
Let us stress that in this paper we will systematically use the perturbative expansion in 

terms of the bare coupling g. 

In the NLLA the "real" part of the kernel can be presented as |13| 

K™ (<fi, & Q) = I ^blrnA™ ( ft> q 2 ; q) 9 (s A - s RR ) 
J (2tt) 

- ~ I J°~\ ^ B (q u r; q) K™ B (f, q 2 ; q) In ( f — ) . (7) 

Here (qi, q 2 \q) is the scattering amplitude of the Reggeons with initial momenta qi = 
(3p + + gu_ and — q 2 = ap^ — q 2 ± and momentum transfer q = q± , for the representation 
1Z of the colour group in the t— channel, s RR = (q% — q 2 ) 2 is the squared invariant mass of 
the Reggeons. The s RR — channel imaginary part ZmA^ (q\, q 2 ; q) is expressed in terms of 
the effective vertices for the production of particles in the Reggeon-Reggeon collisions [I3|. 



The second term in the r.h.s. of Eq. (0) serves for the subtraction of the contribution of 
the large s RR region in the first term, in order to avoid a double counting of this region 
in the BFKL equation. The intermediate parameter s A in Eq. (0) must be taken tending 
to infinity. At large s RR only the contribution of the two-gluon production does survive 
in the first integral, so that the dependence on s A disappears in Eq. (^) because of the 
factorization property of the two-gluon production vertex ||13|| . Since we are interested 
here in the quark contribution only, we can omit the subtraction term and perform the 
integration over s RR up to infinity. 



The imaginary part of the Reggeon-Reggeon scattering amplitudes entering Eq. ((?]) can 
be expressed in terms of the production vertices, with the help of the operators V-ji for the 
projection of two-gluon colour states in the t— channel on the irreducible representations 



1Z of the colour group. We have [13 



TmAfl (ft, ft; q) = £ / 7 c { /i (ft, ft) d * " ( 8 ) 

Here and below q[ — qi — q, i — 1, 2; is the number of independent states in the 
representation 1Z, ^{1 (ft, ft) is the effective vertex for the production of particles {/} in 
collisions of Reggeons with momenta ft, —ft and colour indices ci, C2 respectively, (ip/ is 
their phase space element, 

dp, = (27r) D ^(ft - ft - E If) II , C-io • (9) 

{/} {/} (2tt) 2e/ 

The sum over {/} in Eq. is performed over all the contributing particles {/} and 
over all their discreet quantum numbers. In the LLA only the one-gluon production does 
contribute and Eq. (0) gives for the kernel its LLA value (f|); in the NLLA the contributing 
states include also the two-gluon and the quark- ant iquark states. The normalization of 
the corresponding vertices is defined in Ref. |13| . 



The most interesting representations TZ are the colour singlet (Pomeron channel) and 
the antisymmetric colour octet (gluon channel). We have for the singlet case 

(c lC ;|Aie 2 c' 2 > = ^% , m = i , (10) 



and for the octet case 



(cic 1 |P 8 |c 2 c 2 ) = 1— 2 - , n 8 = N -1, (11, 



N 

where f a bc are the structure constants of the colour group. 
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3 Quark part of the kernel from the gluon trajectory 
and real gluon production 

The gluon trajectory is known || in the NLLA. The quark contribution u)Q(t) to the 
trajectory appears at the two-loop level only. For the case of n/ massless quark flavours 
it can be written as 

= wh S m^w m?) ~ 2FoM " • (12) 



where t = q = —q and 



2g>Nn,T ( 2 - f ) r 2 (f ) 



(f-2) 



F Q (q) = - \ z > ^(q 2 Y 2 . (13) 

QK } (47r)#r(D) yq > K } 

The quark contribution to the Reggeon-Reggeon-gluon (RRG) vertex was calculated in 
Ref. ||. We remind that beyond the LLA the vertex has a complicated analytical struc- 
ture [15 , |J, but in the NLLA only the real parts of the production amplitudes do con- 



tribute, because only these parts interfere with the LLA amplitudes, which are real. 
Neglecting the imaginary parts, the quark contribution to the RRG vertex becomes 



J3{Q)(„ n \_ r d T d g3n f T ( 2 2 ) P2 (2 X ) *fi f or , n \\AQ),f 

7 Cl c 2 '191,92; - £ g I c 1 c 2 N o WT ^ e G \^/A92, <h)[h + J: 

(4tt; 2 r (D) 1 



+ ( 7T~T ~ 7T~~\) [fP ~ - ql - } . (14) 



(kp A ) (hp 



B 



Here e% and e*Q are the polarization vectors of the produced gluon in the colour and 
Minkowskii spaces respectively, T d is the colour group generator in the adjoint represen- 
tation, k = qi — q 2 is the gluon momentum, 

C(92, 9i) = -9i± - 92± + (9i - 9i±) (l - + (92 - 92±) U ~ (15) 



k 2 I V k 2 



and 

A Q) = %^(^-A 0o, fP 



W=&)\2 ) ™ J2 "(9'i 2 - 9 2 2 ) 3 
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D \ -^o^D 
— - 2 1 2 - q 1 q 2 —0o 



(Q) 



(qi - qi 



q 2 q 2 2 (D- 2)^>o + 



D 



2 ) k 2 4> x 



where 



0n= (gf) n+e -(9tr 



(16) 



(17) 



Using the expressions (H)-(P^), with the help of Eqs. (P|)-(]TT|), we obtain from Eq. ([7p 



r(-c) [r(i + e)]< 



X 



(2tt) d - 1 (4vr) 2 + e T(4 + 2e) 
{ p (2P - # - ? t - 2q{ 2 - 2qf + 2g 2 ) + (q 2 - 2 - 

X ^tttt; 1 7^75 €q>i 



(qi ~ qi) 3 



(qi - qi 



+2(1 + e) 



2 (q 2 qi 2 -q£q{ 2 , Zqiqi - q 2 (qi + qi) 



k 2 (qi - qi) 

+ (qi < — ► qi, q-i < — > qi)} ■ 



In the physical limit e^Owe have 

^RRG^q^q 



-Cr 



g 4 n f 



24(2vr) 5 

{ [k 2 (2k 2 - q 2 - q 2 - 2q[ 2 - 2g 2 ' 2 + 2g 2 ) + (q 2 - q 2 ){q[ 2 - q> 2 ) 

-) -2 -2 1., (J2 /-2^ _ (#A _ -4M 

+ (* 8 -«f 2 -^ a ) 



f 2 g 2 2 In (qj/q 2 ) - (ff - qf)} 
{qi ~ qi f 



+2 f q 2 qP-q£q! 2 ] ^qjqi - q 2 (qj + qj) \ ln f qi 



\ k 2 (qi - qi) 

+ (qi < — ► qi, q\ < — > qi)} ■ 



(if 



(19) 



A remarkable property of the kernel, which follows from the gauge invariance of the theory, 
is that it vanishes when any of the vectors q} or q- tends to zero. One can check that this 
property is fulfilled in Eqs. ([18|) and (|i~9"l) . 
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4 The quark- ant iquark production in the Reggeon- 
Reggeon collisions 

Let us consider the production of a quark and an antiquark with momenta l\ and I2 
respectively, in collisions of two Reggeons with momenta q\ and — g 2 . We will use the 
Sudakov parametrization for the produced quark and antiquark momenta l\ and l 2 : 



k = PiPA + OtiPB + k 



, • i 1)2, 



/3i + /?2 = /? , oil + ot 2 = a 



h± + h± = qi± ~ <?2± 



(20) 



and the denotation 

k = h + 1 2 = gi - g 2 , s M = & 2 • (21) 

For the effective vertex of the quark-antiquark production in the Reggeon-Reggeon colli- 
sion we have [f| 

1 



^l(qi,q2) = -9 2 u(h) t c H c *b{l u l 2 ) - t c H c %l 2 Ji) v(l 2 



(22) 



where t c are the colour group generators in the fundamental representation. The expres- 



sions for b(h, 1 2) and b(l 2 , li) can be presented in the following way: 

ty A @it» 1 



and 



where 



s ti k z 



TTj FT WbMa 1 ™ 

b ^ k) = ^t2 — y J 



(23) 



(24) 



*i = (gi - hf 



h = (qi - h 



r = 2 



<3i — gi± — , Q2 — qi± — hi. , 

(gi + g 2 )± - f 1 - 2-^- ] + ap B ( 1 - 2-^- 
V sap / V sap 



(25) 
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According to Eqs. (0) and (f|), the quark-antiquark contribution to the BFKL kernel 
can be presented in the form 

= iS ta.*) («U))**w*>/ , 

(26) 

where the sum is taken over spin, colour and flavour states of the produced pair, q\ = 
qi — q, s RR = (qi — q2) 2 is the squared invariant mass of the two Reggeons and the element 
dpj of the phase space is given by Eq. The ^-function in Eq. (|7|) is omitted since the 
integral over s RR is convergent at infinity. From the representation fl22|) we obtain 

(c.eifej^) g ^ 5 (9 , = gi |0RA + ^ + ((i „ y, (27) 

Here n/ is the number of light quark flavours, the coefficients clr and 6r for the interesting 
cases of singlet and octet representations are 

N 2 

a = N 2 -l, & = 1 ; a 8 = — , b 8 = (28) 

and 

A = tr(y i b{hM)VMM) , 

B = tr{y x b{lukW{l2,h)) , (29) 

where &'(Zi, £ 2 ) is obtained from Z 2 ) by the substitution g 12 — > g^ 2 = g 1)2 — g . In the 
following, for reasons evident from Eq. (|28|), we will call A and (S — A) "non-Abelian" 
and "Abelian" parts, respectively. 
The calculation of the traces gives 



•[s«A - sa^ + 2g; 2 — - 2g 2 2 ^- - 2Zx(gi + g 2 )] 



(k 2 ) 2 ^ ^ a ^ 2 (3 
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x[sa/3x - satf + 2q{ 2 ^ - 2<f 2 ' 2 ^- - 2k{q{ + q 2 ')} 



a 



P 



+ 



16 



ti \ a 



+ (h k, oci fo, a 2 «-> Pi, q x -q 2 , q{ ~q 2 ) 



+ 



(30) 



(A-B) + (h <-> f 2 ) = 32 (^QiO 



(31) 



The Abelian and non-Abelian parts possess a "nice" behaviour at large transverse mo- 
menta of the produced particles and at large values of their invariant mass, that guarantees 
the convergence of the integral in Eq. ( p6|) at I 2 — > oo and s RR — > oo. The only region 
which leads to a singularity at the physical dimension D = 4 is the infrared region k 2 — > 0. 
This singularity is regularized by the non-zero e = D/2 — 2 . To make the discussed be- 
haviour explicit, one has to take into account the relations ( pC|) between longitudinal and 
transverse variables. The functions A and S can be expressed through the transverse 
momenta and one ratio of the longitudinal momenta. Choosing this ratio as 



x 



Pi 
P 



(32) 



we have 



Pi a.\ (1 — x)l 2 a 2 xl 2 2 



saP 



g = . 2 = A 2 

x(l-x) ' Sm x(l-x) ' 



(33) 



where 



A = (1 - x)h - xl 2 , Z = A 2 + x(l - x)k 2 



(34) 
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and 



*i 



1 2 
l l 

X 



ql + 2(/ 1 g 1 ) , * 2 



gi 2 + 2(f 2 gi) 



1 — x 



~A = -%- Q( 2 + 2(5^ ) , t' 2 = -JL- - gf + 2{l 2 q{ ) . 
Using these relations, we obtain 

a = i6,d - x ){-x(i-x) 1 201 + '(fift-ff) ( 2 (**) + 2 'g'V g2 

A 2 x*i / \ A 2 xt 1 



(35) 



S_ I J_ J_ 2^/1) -g 2 \ 2(Afc) (gig/)-?/ 2 2JMM%1 ( I _ I 
2 I A 2 arii x*i*i J A 2 *i A 2 \t"i *i 



/2 



4,(1 - *)S> + 2(l-x)(2(^ 1 )-g 2 ) + g 2 \ L_ 2x + 2x{1 _ x) 



A 2 



(Ak) 
A 2 



_ _ x (i _ f i _ 2x + 2x(l - x) {Ak) 



A 2 S 



S 2 



A 2 















)! 







(36) 



(A - 5) + (Zi «- / 2 ) = 16x(l - s) <( -x(l - x) | + 2( * S) " # 



xt\ 



(i - x)t 2 



x ) 2(flZ 1 )-ff 2 + 2(# Z 2 ) - g/ 2 ^ , g> 2 (2(g^) - q? 



xt[ (1 - x)t' 2 

q 2 (2(q(h)-q(") ( 1 



2*i 



(1-X)* 2 X*i 



2*; 



(1 — x)* 2 X* 



+2$ rotes) + (,r - g -i 2 )(("i*) + «f ? 2 ' 2 - 



Zi <-» / 2 



(37) 



It is easy to see from Eqs. ([3~6"1) and (07|) that the integrand in Eq. ( ^6|) falls down as 



when 



oo . Taking into account that 



dk 2 



■dp j 



1 dx 



d D -\ 



(3* 



(27r)^ r/ 7o 2x(l -x) y (2tt)( d - 1 ) ' 
we see that the integration is well convergent at large U . As for the regions of values 
of x close to or 1 (which correspond to large invariant masses s RR - see Eqs. ([33])), the 
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convergence of the integration is guaranteed by the vanishing of the functions A and B 
as x(l — x), as it is evident from Eqs. (|36| ) and (|37D . The limit k 2 — > means A 2 — > 0, 
according to Eq. d33|) . The Abelian part is regular in this limit, as it can be seen from 
Eq. (|37|). As for the non- Abelian part, from Eq. (|36D we have for its singular part 



King = lQx(l - X) < -82(1 - X) 



A 2 A 2 *; 2 / \ A 2 A 2 k 2 



q 2 qNP + qiqj 2 ] (3Q) 
a 2 K 2 k 2 J " 

5 The quark contribution to the kernel 

To obtain the contribution to the kernel K- R rqq (<fi; 92! <f) from the real quark- antiquark 



production, we have to perform the integration in Eq. (|26|). Though the expressions fl3~6|) 
and (|37| ) are convenient for analyzing the behaviour of the functions A and -B, they are 
not suitable for the integration with the measure given in Eq. For this purpose, it 

is better to use the representations ( |50D and Q3"T| ) which are explicitly invariant under the 
"left-right" transformation 

k k , "l ^ fa , "2 <-> A , <fi ^ -<f 2 > <fi ^ -9*2 > ( 40 ) 

and to exploit also the integration measure in the alternative form: 

f dk 2 f i dy f d D ~% 

, _ n fl>( = i ~ I (o^(D-l) > ( 41 ) 

where 



(2tt) f/ Jo 2y(l - y) 7 (2vr)( D - 1 ) 



» = ^ ■ (42) 
a 

The details of the integration are presented in Appendix I. The integration for the non- 
Abelian contribution can be performed for arbitrary space-time dimension. The result 
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IS 



*» 16 r(i- £ )[r(i + # 



(2tt) rj (47r) 2+e e T(4 + 2e) 

x j 2 (l + e) 2 te(^V 2 /2 + QM 2 ) + (f" 1+e 

+ [k 2 (2k 2 - q? - g 2 2 - 2gf - 2g 2 ' 2 + 2g* 2 ) + (gf - gt)(gf - ?T 
[2(1 + 6^100-6^ + ^1)01] ^ <£ 2 - gf - g,' 2 ) - 4(1 + e) 2 g- 2 



(g?-g?) 3 (?i 2 -& 2 ) 

+4(1 + 6) 2 -|M_^ 0O+ g 2 ^g 2 )l , (43) 

Wl — #2 J J 

where the functions <p n are given in Eq. (|H]). Considering the physical limit e — > 0, we 
must take into account the subsequent integration of the kernel over k, which leads to 
contributions ~ e" 1 from the terms having the singularity at k 2 = 0. Conserving all the 
terms giving non-zero contributions in the limit e — > after integration over k, the result 
13|) in this limit reads 

dk 2 , A 2 f 12 _ ,[r(2 + e)] 2 ( (k 2 ) e ^ 2 ^, 2 ^ /2 , ,^M+e 



+ 



fc 2 2fc 2 - gf - gt - 2g-/ 2 - 2g* 2 ' 2 + 2g< 2 + (q 2 - q 2 ){q{ 2 - qf 



[2q 2 q 2 In (gg/g) - (g x 4 - g 2 4 )] ^ , 2 , 2 , 



(<?i 2 - <? 2 2 ) 3 

+ (gl < > ql, g 2 < ► g 2 ')} . (44) 

The Abelian contribution is not singular at all, so we can consider it from the beginning 
in the physical space-time dimension, e = 0. Nevertheless, this contribution has a form 
much more complicated than the non-Abelian one. Evidently, the circumstance that 
the latter contribution is simpler must be related to the special role played by the gluon 
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channel in presence of gluon Reggeization. In fact, the Abelian contribution was calculated 



many years ago |T6[ in the framework of Quantum Electrodynamics and we can use the 
results obtained there. We have 

/ W) dp,(A ~ B + h ~ y = Wr Kl ( a " f ' * " f ) ' (45) 

with the function K\ given by Eq. (A39) of Ref. where in the r.h.s. we have to make 
the substitutions 

— * —* —* 



It is worthwhile to say that Eq. flloD contains a non-zero fermion mass and, at first sight, 
has a logarithmic singularity when the mass tends to zero; but the singularity is spurious 
because of cancellations among various terms. 

We can now consider the quark contribution K.^® (Qi,Q2',q) to the "real" part of the 
non-forward kernel of the BFKL equation. It was explained already that in the NLLA 
this contribution is determined by the quark correction to the one-gluon production and 
by the quark- ant iquark production in the Reggeon-Reggeon collisions: 

IC^ Q (ft, «f 2 ; q) = fcgg (gi, «f 2 ; q) + JCf^ (ft, q 2 ; q) . (46) 

The first term in the r.h.s. of this equation is given by Eqs. (|j) and (|iT|)-(|TP|); the second, 
by Eqs. (^)-(^) and P3|)-(P5]). For the octet case, as it can be seen from Eqs. (PB])-(P5|), 
the contribution from the quark- antiquark production contains only the non- Abelian part, 
which was calculated for arbitrary space-time dimension. Since the quark correction to 
the one-gluon production was also calculated for arbitrary D, the quark contribution to 
the "real" part of the kernel in the gluon channel for arbitrary e turns out to be 

i i r(i- e )[r(2 + e )] 2 



1C ( * )Q (qi,q2;q)=9 4 n f N 



(2tt) d - 1 (4vr) 2 + e e T(4 + 2e) 
15 



Another important property of the kernel is its infrared fmiteness at fixed k —q\ — q 2 . 
The 1/e singularity in Eq. (|47| ) is the ultraviolet one and disappears when we expand 
the kernel in terms of the renormalized coupling. Indeed, in this case we have to add to 
the r.h.s. of Eq. (f47|) the piece coming from the coupling constant renormalization (see 
Eqs. (|5]) and (|6])) in the LLA kernel (||). For the expansion in terms of the renormalized 
coupling we obtain in the limit e — > 



71,925 9. 



x 



1 / 2[r(2 + e)] 2 (P 
e [ T(4 + 2e) L 2 



3 



—4 —If 

TT^Til - e)N 



(9iV 2 /2 + 9 2 2 9i /2 ) ^2 
k 2 9 



1 

+ 3 



<f 2 ln 



q*k 2 
4Mi 



k 2 UL 



+ (9i 



9i, 92 



9 2 > 



(50) 



As it can be seen from this expression, the 1/e singularity at fixed k 2 disappear after 
expanding (jp) in powers of e. The expansion is not performed here, since in the integral 
over k of Eq. ([!]) the region of small k 2 , for which eln ~ 1, does contribute. This 
region contributes to the integral with terms singular in 1/e. For the vacuum channel, 
these terms cancel the singularity in the "virtual" contribution to the kernel, related to 
the gluon trajectory. The cancellation occurs quite similarly to the forward case, so it 
does not need a special treatment. For the octet case such cancellation is evidently absent 
because of the different coefficients ([§) between vacuum and gluon channels. We observe, 
however, that the cancellation is recovered in the case of the colourless compound state 
of three Reggeized gluons, i.e. the Odderon. In this case, indeed, the "real" part of the 
kernel involves the three combinations with a different pair of Reggeized gluons in the 
octet channel, while the "virtual" part of the kernel involves three gluon trajectories. The 



17 



cancellation of the infrared singularities follows then quite simply from the singular part 
of Eq. (H). 



6 The check of the "bootstrap" condition 



The "bootstrap" condition derived in Ref. [|13|] has the form 



g'Nt f d D -% f d D ~% {8) _ 

-2/O ' (q u q 2 ;q) 



2 (2nf- 1 J $ (qt - qf J qi (q 2 - 

= uj^ (t) (cu (1) (t) + V® (t)) . (51) 

Here IC^ (<fi, q 2 \ q) is the kernel of the non-forward BFKL equation, uj (t) = to^ 1 ' (t) + 
a/ 2 ) (t) is the deviation of the gluon Regge trajectory from unity in the two-loop approx- 
imation and t = —q 2 . In the one-loop approximation (LLA) the trajectory 



2(2<T-W 9?(9,-9T 
is purely gluonic. The quark contribution to the trajectory appears at the two-loop level 
(NLLA) and is given by Eqs. fljjD and ([13]). The kernel JC^ 8 ' (q\, q 2 \ q) , according to 
Eq. (§), is expressed through the trajectory and the "real" part. The quark piece of the 
latter is given by Eq. (f47|) . Using this equation together with Eqs. (|12| ) and fll~3| ) for the 
quark contribution to the trajectory, we arrive at 

f dD ' 2 ^ K i*)Q (if ff.jfi-as, at_J 1 r(i- e )[r(2 + e )] 2 

{(^T - (fir - (#) e ) + (?i — #)) , (53) 

where /c =<fi — q 2 q{ = q\ — q and <f 2 ' = Q2~ Q- Putting the r.h.s. expression into Eq. flSTf ) 
and using Eqs. (0), Q12]) and (fl3|), it is easy to verify that the "bootstrap" equation flSTf ) 



is satisfied. 
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7 Discussion 



In this paper we have calculated the quark part of the kernel of the generalized non-forward 
BFKL equation at non-zero momentum transfer t in the next-to-leading logarithmic ap- 
proximation. Along with the quark contribution to the gluon Regge trajectory, which is 
the same as for the case of zero momentum transfer t and therefore is known already, 
this part includes pieces coming from the quark contribution to the radiative corrections 
for the one-gluon production and from the quark-antiquark production in the Reggeon- 
Reggeon collisions. The results obtained can be used for an arbitrary representation of 
the colour group in the t— channel. 

For all such representations, the part of the kernel related with the real particle pro- 
duction is infrared finite, in the sense that there are no singularities at fixed transverse 
momentum k of the produced particles. The integration over k in the generalized BFKL 
equation leads to terms singular in the limit e — > 0. For the vacuum channel, these terms 
cancel the singularity in the "virtual" contribution related to the gluon trajectory. For 
the octet case such cancellation is evidently absent, although it is recovered in the case 
of the colourless compound state of three Reggeized gluons, i.e. for the Odderon. 

The kernel for the octet case enters the "bootstrap" equation for the gluon Reggeiza- 
tion in QCD. The fulfillment of this equation is necessary for the self-consistency of the 
derivation of the BFKL equation. We demonstrate explicitly the fulfillment of the "boot- 
strap" condition in the next-to-leading logarithmic approximation in the part concerning 
the quark contribution. The check performed serves simultaneously as a stringent exami- 
nation of the correctness of the calculations of the quark contribution to the kernel of the 
BFKL equation. 

Recently a paper by M. Braun and G.P. Vacca ]17J appeared, devoted to the NLLA 
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kernel of the non-forward BFKL equation in the octet case. In this paper the kernel 
was obtained using as a basis the bootstrap relation and a specific ansatz to solve it. In 



Ref. |17j the kernel was defined as the kernel of the equation for the amputated Reggeized 
gluon - target amplitude (see Eqs. (l)-(3) of Ref. and Eq. (2) of Ref. |17|), while our 
kernel is the kernel for the non-amputated amplitude (see our Eq. (1)). This implies that 
the relation between our kernel, /C r , and their kernel, V, should be (in the denotations 
used in Ref jTTj) fcr(q,qi,ql) = q( 2 q-2 2 V(q,qi,q{). With this correspondence our results 
disagree with those obtained in Ref. fTl- 



However, in a revised version of their paper, appeared after the present work was 
published as a preprint, the authors of Ref. JT7| have added an Appendix where they 
use a different relation between their and our kernel (see Eq. (51) of Ref. ||17|| ). This 
relation follows from requiring that their ansatz for the kernel fulfills the correct symmetry 
properties. With this new correspondence there is indeed agreement between our results 
and theirs in the case of the quark contribution to the kernel. It would be interesting to 
check if the symmetrized ansatz leads to the correct results also for the gluon contribution 
to the kernel. 
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A Appendix I 



In this Appendix we present the details of the calculation of 



dk 2 , . f 1 dx f dP 2 h . ,. 



(2tt) r/ Jo 2x(l-x) J (2tt)( d - 1 )' 
where A is given by Eq. (|30P . We group the terms contributing to A in four different 
classes according to their behaviour under the integration. The first class contains only 
the first term in the r.h.s. of Eq. (|30|) : 



Al = 32^(44') • (A.2) 



It can be rewritten using Eqs. (|20|), ([52]) , (|33| ) and ( [35]) in the equivalent form 

A = Z2 l-x%(QiQ[) = 32x(l-x)T 2 (Q 1 Q{) 

x U' x [l? + x(q 1 2 -2(l 1 q 1 ))][r 2 + x(q{ 2 -2(l 1 q^))' 

Taking first the integral over x, we have 



Jo 



dx = 16(QiQ{) ln {q{ - kf 



lo 2x(l-x) tf>- h )2_tf l _ ll) 2 ^_ h) 

Using now the following simple trick 



Mi - ii) 2 - (fi - d) 2 (9i -fi) 2 J « zffi' - d) 2 + (1 -*)(£- fi) 2 
the integration over li and the subsequent integration over z become trivial and give 

_64r(- e )[r(2 + e) ] 2 ^ 1+ , + l6/ ^% _ 



(47r) 2 + e T(4 + 2e) ^ 7 7 (2tt)( d - 1 ) 

The last term in the above expression vanishes in dimensional regularization. We stress 
once more, however, that independently from the regularization scheme, the integrals 
which diverge at large in D = 4 cancel in Eq. ( |A.1| ). 
The second class of terms in the r.h.s. of Eq. (p0|) is 

A2 = 8 ~¥ {q ^ } 
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2\2 



[sa/3i - sai/3 + 2g 2 — - 2q 2 ^ - 2f 1 (g 1 + g 2 )] 



/3 



(A.5) 



x [sah - satf + 2g7 2 ^i - 2g 2 ' 2 ^ - 2h(q( + «f 2 ')] . 

a p 



Using again Eqs. 
following form: 



) and (P3), the above expression can be recast in the 



A 2 = I6x(l - x) 



2 + (1 - 2x) 2 ^±^- - 2x(l -x)(l- 2xf^fl 



16x 2 (l — x) 



A 2 



2(1 -2x) 
x(l — x) 



(Aq() - x(l - x) 



q{ 2 (Ak) 



l-2x{l-x)^ 



+ 



2(1 -2x) 
x(l — x) 



q?(Ak) 



(Agi) - x(l - x y lK ^ ' 1 - 2x{\ - x) 



12 s 



x{l — x) 



128x 2 (l-x) 2 /.-.. q 2 (Ak) \ / , ,q{ 2 (Ak) 

1 (Agi) - x(l - g) 1 v 7 (Ag/) - x(l - x)- 1 



(A 2 ) 2 \ ^ 
The non-zero integrals over li are the following: 



(A.6) 



h 



d D ~ 2 h 1 2r(-e) 



2lc 



(2^)^-!) £ (4vr) 



2+t 



[x{l - x)k 2 ] 



d D ~ 2 h 1 2r(l - e) 



(2tt)( d - 1 ) S 2 (47r) 2 + e 



[x(l -x)fc 2 ] 



2le-l 



(A.7) 



d D ' 2 h 1 2r(-« 



(2tt)( d - 1 ) A 2 S (4tt) 2 h 



[z(l - x)fc 2 ] 



2le-l 



<P" 2 Zl 1 

(2 7 r)(°- 1 ) (A 2 ) 2 



i^)- X {i- X )Sm fe) -,(i-,)« 



r(-e) (1 - e)#g? a - g/ 2 (^) - 9~i 2 (M 



(4vr; 



2+e 



x(l — x)[x(l — x)k } 



2le-l 
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Using the above result and integrating also over x , we finally obtain 



1 dx r d v -% 
n 2x(l-x) J (2tt)( d - 1 ) 



2 /'t,2\e 



A 9 



64r(-6) [r(2 + e)] 2 (fc 
(47r) 2 + e T(4 + 2e) p 

The remaining terms in the r.h.s. of Eq. (j30|) are 



r^+?7?2 )■ (a.8) 



^3 



16 



i ( ((QrfNsatfc - kh) + (Qif 2 )(sai/3 + + «f 2 ') - 2g; /2 ^)) 



and 



+ (h <-> Z 2 , «i <-> /? 2 , «2 <-> /3i, Qi <-> -<? 2 , 9i 



^4 = A 3 ( <?; «-> g/, <f 2 «-> <f 2 ) . 



(A.9) 



(A.10) 



It is not necessary to calculate explicitly the integral of A4, since it can be obtained by 
simple substitutions from that of A3. Concerning A3, it can be rewritten equivalently as 



A3 



16x(l — x) 

M 1 



(hQi) kvi + Q2) + &Qi) h(ql + <? 2 ) + 



X 



+ai(3s 1 



2q{ 



/2 s 



{l 2 Q x ) - a(3 2 s 1 



2q 



/2 X 



(hQi) 



(A.ll) 



a(3s J \ a(5s 

Since A3 is manifestly invariant under the "left-right" transformation (TO), we can sep- 
arate in the above expression two set of terms, related each other by the "left-right" 
transformation. One possible separation is 



A, 



+ 



lQx(l — x) 
"left-right' 



2x 



<*h* ( 1 - ] (hQi) 



aj3s 



(A.12) 



with obvious notation. Since the integration measure can be put in the two equivalent 
forms (p8|) and (f4T|) connected by the "left-right" transformation, the result of the inte- 



gration of f3 L ^ R ^ can be obtained from that of ^3 by the change ( q x 



-92 > Qi *-> -<&) 
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Therefore the integration of can be avoided. This allows to escape those inte- 

grands with A 2 tiS at the denominator which come from the term proportional to an/ a 
in Eq. ( |A.11| ) and would be very nasty to integrate with the measure (|38l). Let us focus 
then our attention on f 3 which can be written as 

(Ah) Qt(q[ + qi) 



~MT * { lQl/ 



X 

2(f 1 Q 1 )[-2(l - x){q{qi) + x(g 2 ' 2 - q[ 2 ) + T x (q{ + &')] 



(A.13) 



The integration of the first term is trivial and gives 



dx 



o 2x(l — x) 



d v -% 
(2n)( D 



-i 



16(l-x)A 2 (/ig! 
1% 



32r(-e) [r(2 + e)] s 
(47r) 2+e T(4 + 2e) 



(fx 



2\l + € 



(A.14) 

For the remaining terms we limit ourselves to illustrate the strategy of the integration, 
since presenting all the intermediate results would be too lengthy. The basic integrals to 
be calculated are of the formQ 



dx 



d D -\ 



x 



n+l 



(2tt)( d - 1 ) (£ _ x kf [(jl - xq \)2 + x (i _ x )ff 



(A.15) 



with n natural number. Using the Feynman parametrization and integrating in dP 2 / 1; 



one obtains 



2IY1 - 



(4vr; 



2+e 



1 A X n+1 

dx I dz 

«: Jo {xz[x(l - z)q2 + (1 - x)q±]Y 



2T(1 - 



dyy 



e-l 



dx- 



X 



,-211- 



(A.16) 



(47r) 2+e Jo J y [x(q£ - q?) + q? - yq 2 \ 

where the change of variable y = xz has been performed in the last equality. This integral 
can be now calculated integrating first over x and then over y. The complete calculation 



1 Strictly speaking, there are also integrals with (hp), l\ or (hp)l± at the numerator, where p is a 
generic momentum in the transverse space, but they can be treated similarly. 
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for all the terms in Eq. ( A..13Q except the first is long, but straightforward. The final 
result for 

is given by the last three rows in the r.h.s. of Eq. (|43|). 
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